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Abstract
We derive the T{duality transformations that transform a general
d = 10 solution of the type{IIA string with one isometry to a solution
of the type{IIB string with one isometry and vice versa. In contrast
to other superstring theories, the T{duality transformations are not
related to a non-compact symmetry of a d = 9 supergravity theory.
We also discuss S{duality in d = 9 and d = 10 and the relationship
with eleven-dimensional supergravity theory. We apply these dualities
to generate new solutions of the type{IIA and type{IIB superstrings
and of eleven-dimensional supergravity.
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Introduction
Duality symmetries [1, 2, 3, 4, 5] play an important role in string theories and
it has recently been found that duality symmetries of type{II strings have
a number of interesting and unusual features [3]. The aim of this paper is
to explore duality symmetries and some of their applications in the context
of the type{II string in nine and ten dimensions, and the relation of these
to eleven-dimensional supergravity. In particular, we aim to understand the
T{duality symmetry of the type{II string in backgrounds with one isome-
try. This symmetry is of a rather unusual type in that it maps type{IIA
backgrounds into type{IIB ones, and vice versa [6, 7]. Moreover, whereas
in the heterotic string T{duality for backgrounds with one isometry can be
understood as a symmetry of nine-dimensional N = 1 supergravity, no such
understanding is possible here: the type{II T{duality does not correspond to
any symmetry of the nine-dimensional N = 2 supergravity theory. A discus-
sion of our results has been given recently by one of us [8], and there is some
overlap with the results of Witten [9] announced at the same conference.
The bosonic string compactied from D + d dimensions to D dimensions
on a d{torus T
d
has an O(d; d) duality symmetry which is broken to the
discrete subgroup O(d; d;Z) by non-perturbative sigma-model eects. (Ei-
ther D + d = 26, or there is an additional hidden sector describing internal
degrees of freedom through a CFT with c = 26 D  d, which is suppressed
in the following.) This discrete target-space duality or T{duality group in-
cludes the well-known R ! 
0
=R{duality for each circle in T
d
, where R
is the radius, together with shifts of the antisymmetric tensor gauge eld
and O(d;Z) rotations of the circles into one another; the latter are partic-
ular D + d dimensional dieomorphisms. The O(d; d;Z) is a discrete gauge
group, and congurations related by such a duality transformation are physi-
cally equivalent. The O(d; d) group is not a string symmetry, but transforms
a consistent string background to a new one.
This can be generalized to consider the string on a curved D + d dimen-
sional space with d commuting isometries. For consistency, the background
must dene a conformally invariant sigma-model which implies that the back-
ground elds must satisfy certain eld equations, which can be derived from
a low-energy eective action. There is again an O(d; d) symmetry transform-
ing solutions of the low-energy equations of motion into new ones; this was
rst shown for d = 1 by Buscher [10] and generalized to higher d in Ref. [11].
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If the orbits of the isometries are compact, then there is again a discrete
subgroup O(d; d;Z) which is a discrete gauge symmetry of the string theory,
but there will be Buscher duality even for non-compact orbits. Although the
name T{duality is usually reserved for the discrete group O(d; d;Z), we shall
refer here also to the O(d; d) Buscher group as a T{duality.
For the heterotic superstring without background gauge elds and the
type{II superstring without background elds from the Ramond-Ramond
(RR) sector, the situation is similar. For such backgrounds with d commut-
ing isometries, the arguments of Refs. [10, 11] give an O(d; d) T{duality sym-
metry of the equations of motion and an O(d; d;Z) discrete gauge symmetry
if the orbits are compact. For the heterotic string, including sixteen back-
ground Abelian gauge elds enlarges the T{duality group to O(d; d + 16).
The main aim here will be to study duality in the type{II string in the
presence of background RR elds. In particular, we shall be interested in
ten-dimensional type{II backgrounds with one isometry. For a string moving




(nine-dimensional Minkowski space times
a one{torus) this has already been done in Refs. [6, 7]. In these references
it was argued that there is a Z
2
T{duality symmetry that relates the type{
IIA string on a circle of radius R and type{IIB string moving on a circle of
radius 
0
=R. We will nd a generalization of Buscher's transformation that
transforms a solution of the type{IIA string on a background with one isom-
etry to a solution of the type{IIB string on a background with one isometry.
The transformation is essentially that of Buscher when restricted to elds in
the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector, but interchanges the RR
background elds of the type{IIA string with those of the type{IIB string.
We shall use such transformations to generate new solutions of the equations
of motion. Since this type{II T{duality maps all the elds of the type{IIA
string into the type{IIB and vive versa, it also maps the symmetries and can
be used, for instance, to nd in the type{IIA theory with one isometry the
form SL(2;R){duality transformations which are well-known in the type{IIB
theory.
Duality symmetries of the full string theory necessarily give rise to sym-
metries of the low-energy eective supergravity theory. In this paper, we shall
study duality symmetries of such eective supergravity theories to lowest or-
der in 
0
, which constitutes a rst step toward studying string dualities. In
addition to the T{dualities which are perturbative string symmetries and so
can be studied using world-sheet sigma-models, there are also symmetries of
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the supergravity actions which correspond to conjectured non-perturbative
S{ and U{ duality string symmetries. In particular, the S{duality group
includes transformations which act on the dilaton
^
. The type{IIB super-
gravity in ten dimensions has an explicit SL(2;R) symmetry of the equations
of motion which is broken to SL(2;Z) by quantum corrections. This is the
conjectured SL(2;Z) S{duality discrete gauge symmetry of the type{IIB
string [3], while SL(2;R), which we shall also refer to as an S{duality, is
a solution-generating symmetry, transforming any given solution into a new
one. The type{IIA has an SO(1; 1) S{duality symmetry which acts rather
trivially through a shift of the dilaton and scaling of the other elds. There
is only one kind of N = 2 supergravity in nine dimensions, so that compacti-
fying either type{IIA or type{IIB supergravities to nine (or less) dimensions
gives the same compactied theory, which inherits the symmetries of both
of its two parent theories. The nine-dimensional theory has an SL(2;R)
symmetry, which is broken to the SL(2;Z) S{duality by quantum eects [3].
The SL(2;R) can be thought of as arising from the SL(2;R) symmetry of the
type{IIB theory, but its origins from the type{IIA theory are not so clear. In
[12] a relation between the type{IIA string and the 11-dimensional membrane
compactied to d=10 on a circle was suggested in which the dilaton emerges
as a modulus eld for the compact dimension. We shall nd further evidence
for the role of 11-dimensions in the type{IIA string. In particular, we show
that some of the SL(2;R) duality of the type{IIA theory compactied to
d=9 has a natural interpretation in eleven dimensions: an O(2) subgroup of
SL(2;R) can be interpreted as eleven-dimensional Lorentz transformations.
The relevance of eleven-dimensional supergravity to the type{IIA string has
been discussed independently by Witten [9].
The nine-dimensional theory is also expected to have an O(1; 1) or SO(1; 1)
symmetry which is related to T{duality. Indeed, when truncated to the NS-
NS sector, the nine-dimensional theory indeed has an O(1; 1) = SO(1; 1)Z
2
symmetry which has a Z
2
subgroup that corresponds to the expected R !

0
=R T{duality. However, only an SO(1; 1) subgroup extends to a symmetry





does not correspond to any such symmetry of the d = 9 supergravity. One
of our aims is to elucidate the extension of this Z
2
symmetry to the type{II
theory and show how it can be understood in terms of supergravity theories.
We shall investigate the extent to which these type{II dualities can be in-
terpreted as symmetries of d = 10 theories on backgrounds with one isometry
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and of d = 11 theories on backgrounds with two isometries. As has already
been mentioned, the T{duality gives a solution-generating transformation
which takes type{IIA to type{IIB, and vice-versa. As the type{IIB theory
has no known eleven-dimensional origin, we will only be able to lift the nine-
dimensional dualities to solution{generating transformations of d = 11 su-
pergravity on backgrounds with two isometries for a special restricted class of
backgrounds satisfying certain gemoetric and algebraic conditions. Eleven-
dimensional supergravity is the low-energy limit of the eleven-dimensional
supermembrane [13]; a search for supermembrane duality symmetries was
undertaken in the context of a (three-dimensional) sigma-model description
of supermembranes in Refs. [4, 14]. We are able, in addition, to explicitly
construct another set of solution{generating transformations that acts only
inside each of the type{II strings on backgrounds with one isometry, behaves
as a strong{weak coupling duality and is therefore part of SL(2;R).
As an illustration of how our results can be applied to generate new so-
lutions to the string equations of motion, we will consider in this paper the
Supersymmetric String Wave (SSW) solution of Ref. [15] which is a solution
of the heterotic string but also solves the type{II string equations of motion.
Under a type{I T{duality transformation the SSW solution generates the
Generalized Fundamental String Solution of Ref. [16] which is a generaliza-
tion of the fundamental string solution [17]. We will show how the application
of both type{II S{ and T{dualities as well as combinations thereof generate
new solutions of the type{IIA and type{IIB equations of motion. We lift
the SSW solution to a solution of the eleven{dimensional theory. This gives
a generalization of the eleven-dimensional pp-wave solution constructed in
[18]. Applying a d = 11 type{I T{duality transformation generates an ele-
ven-dimensional Generalized Fundamental Membrane (GFM) solution which
is a generalization of the fundamental membrane solution of [19].
In exploring these symmetries, we work out some of the details of super-
gravity theories in d = 9; 10 that have not appeared in the literature before.
We give the bosonic part of the N = 2; d = 9 action, which has not been writ-
ten down explicitly before. We also write the type{IIA supergravity action
for the stringy metric and nd that, whereas the NS-NS elds appear with
a coupling to the dilaton
^





the RR elds appear without any dilaton coupling. This follows from the
fact that, on compactifying to four dimensions for example, the RR elds are
invariant under S{duality [3] and this implies that they cannot couple to the
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dilaton in a way that respects S{duality; this was noticed independently by
Witten [9].
The organization of this work is as follows. In Section 1 we rst derive
the action of type{IIA supergravity in the \string-frame" metric. This ac-
tion describes the zero{slope limit (
0
! 0) of the type{IIA superstring. We
use here dimensional reduction from eleven dimensions. In order to derive
the type{II T{duality rules we rst reduce in the next section the type{
IIA supergravity theory to nine dimensions and thus obtain the action of
N = 2; d = 9 supergravity. Next, in Section 3 we present the equations of
motion of type{IIB supergravity in the \string-frame" metric and discuss its
reduction to nine dimensions. Using all this information we derive in Sec-
tion 4 the explicit form of the above{mentioned type{II S{ and T{duality
rules. In Section 5 we use our results to derive a type{I T{duality symme-
try of N = 1; d = 11 supergravity, the only duality symmetry that can be
found in this framework. Finally, as an illustration of how our results can
be applied to generate new solutions, we will apply in Section 6 the duality
transformations constructed in this work to the SSW solution and generate
new, \dual", solutions of the type{IIA and type{IIB superstrings and of ele-
ven-dimensional supergravity. Our conventions are explained in Appendix A
and Appendix B contains some useful formulae giving the explicit relations
between certain eleven{ and nine-dimensional elds.
1 The Type-IIA Superstring
The zero{slope limit of the type{IIA superstring corresponds to N = 2; d =
10 non{chiral supergravity. In this section we describe how to obtain the
(bosonic sector of) type{IIA supergravity in the \string-frame" metric by
dimensional reduction of N = 1; d = 11 supergravity. This can be done
by a straightforward application of standard techniques (see for instance
Ref. [20]). We describe the dimensional reduction in some detail since in
order to derive the type{II duality rules (see Section 4) we need to know
the exact relation between the supergravity theories in dierent dimensions.
In this paper we will describe supergravity theories in d = 9; 10 and 11
dimensions. It is helpful to use a notation that clearly distinguishes between
the dierent dimensions; throughout this paper we will use double hats for
eleven-dimensional objects, single hats for ten-dimensional objects and no
5
hats for nine-dimensional objects.
We now proceed to describe the dimensional reduction of N = 1; d = 11



























































































The action above is invariant under general coordinate transformations and










We assume that all elds are independent of the coordinate y = x
10





we rewrite the elds and action in a ten-dimensional form. The dimensional
reduction of the metric gives rise to the ten-dimensional metric, a vector eld
and a scalar (the dilaton) while the dimensional reduction of the three-form
potential gives rise to a ten-dimensional three-form and a two-form. We thus
obtain the elds of the ten-dimensional type{IIA supergravity theory which
are
2
For simplicity, we have set the fermions to zero. It is straightforward to include fermion






















The eleven-dimensional elds can be expressed in terms of the ten-dimen-







































































































































































































































The ten-dimensional elds have been dened in this way because, as we
will see, (i) their gauge transformations are natural (no scalars are involved)







= 0 we recover the bosonic action of N = 1; d = 10 (type{I)
supergravity written with the usual conventions in the \string-frame" metric.
We now consider the reduction of the action Eq. (3) in more detail. We
rst consider the Ricci scalar term. To reduce this term we use (a slight





















































































































































































































Finally, using Palatini's identity Eq. (10) again, but now for d = 10 and
 =
^





















































We next reduce the
^
^
G-term in Eq. (3). Usually we identify eld strengths
in eleven and ten dimensions with at indices, but in this case we also have




















































Observe that, in spite of the fact that there is a vector eld present, the
two-form eld strength does not contain any Chern-Simons term.
The remaining components of
^
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and the contribution of the
^
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we nd that the bosonic part of the type{IIA supergravity action in ten




































































The dilaton dependence here is at rst sight rather surprising. The rst
line of Eq. (24) describes the elds from the NS-NS sector and is the same as
the bosonic part of the type{I supergravity action, and in particular has the
expected dilaton dependence. The second line of Eq. (24) involves the elds







= 0 : (25)
{ and is independent of the dilaton (as noted independently by E. Witten
[23, 9]). The absence of dilaton coupling to the RR elds reects the fact
that in four dimensions the RR elds are invariant under S{duality and that
the RR charges are carried by solitons, not fundamental string modes [3].
Usually, the scalar sector in supergravity theories parametrizes a coset. In
this case, there is only one scalar and the corresponding coset is trivially given
by: SO(1; 1)=
 
[24]. Nevertheless, it leads to a global SO(1; 1){invariance
(with parameter ) which describes the coupling of the dilaton. Dening the
scale weight w of a eld A by A ! e
w
A, the transformation rules under
SO(1; 1) are specied by the weights in Table 1. This symmetry is the S{
duality symmetry of the ten{dimensional type{IIA theory [3] and so we see
that the ten-dimensional RR elds do transform under S{duality.
It is instructive to check the gauge invariance of the action Eq. (24).
In eleven dimensions we have reparametrization invariance and the gauge
symmetry (5). From the ten-dimensional point of view, only the the repa-
rametrization invariance of the eleven-dimensional theory in the direction
parametrized by the coordinate y is relevant:
4
The type{IIA action in the \Einstein-frame" metric has been given in [22].
10
















Table 1: This table gives the weights w of the elds of type{IIA supergravity






(x) does not depend on y. We only consider the innitesimal form











































These transformations and the gauge transformations of the three-form po-
























where the parameters of the ten-dimensional gauge transformations are re-


















It is easy to check that the ten-dimensional action Eq. (24) is invariant under
the above gauge transformations.
2 Reduction To Nine Dimensions
We shall now compactify the type{IIA{theory to N = 2 supergravity in nine
dimensions to facilitate the derivation of the type{II duality rules. This is in
accordance with the interpretation of duality as the non-compact symmetry
of a compactied supergravity theory [5, 3].
To reduce the rst line of the type{IIA action given in Eq. (24) we can
use the results for the heterotic string which have been given elsewhere (see
e.g. [25]). Since we change notation slightly with respect to [25] we summarize

















































































This time we assume that all elds are independent of the coordinate x = x
9
which we choose to be a space-like direction (^
xx



























































































are the nine-dimensional elds. They are






























































Therefore, ignoring the integral over x, the rst line in the ten-dimensional































































































































































































































































































At this point it is convenient to make use of the global O(2){invariance
of the N = 2; d = 9 supergravity theory explained in Section 4 (see also































































































term in Eq. (24). A straightforward ap-












































; ; k; `
o
(48)







































































































In Ref. [26], it was suggested that the N = 2; d = 9 supergravity action
should have a global GL(2;R) = SL(2;R) O(1; 1) invariance. As we shall
see in Section 4, the invariance is in fact GL(2;R)=Z
2
= SL(2;R)SO(1; 1)
and the `missing' Z
2
invariance will be the main theme of Section 4; it is
related to the T{duality of the type{II theory. The extraZ
2
in GL(2) corre-
sponds to the sign of the determinant.
It is instructive to consider the gauge invariances of this action. In ten





) independent of x and the gauge transformations Eq. (28). After
































where the parameters of the nine-dimensional gauge transformations are re-
























It is straightforward to check that the nine-dimensional action Eq. (49) is
invariant under the above gauge transformations.
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3 The Type{IIB Superstring
We shall also need to consider the low-energy limit of the type{IIB super-
string for our discussion duality. The zero-slope limit of the type{IIB super-
string is given by N = 2; d = 10 chiral supergravity [27, 28]. This theory con-
tains a metric, a complex antisymmetric tensor, a complex scalar and a four-
index antisymmetric tensor gauge eld. The complex scalar parametrizes
the coset SU(1; 1)=U(1). In order to distinguish between the type{IIA and
























is the \Einstein-frame" metric. We will start in the \Einstein-
frame" and then switch to the \string-frame" metric once we have correctly
identied the type{IIB dilaton eld.
The eld equations of the type{IIB theory cannot be derived from a
covariant action. The type{IIB eld equations of Ref. [27] are given (in our










































































































































































































































The theory is invariant under d = 10 general coordinate transformations and


























It is known that the dimensional reduction of d = 10 type{IIA and IIB
supergravity leads to the same N = 2; d = 9 supergravity theory. Our task is
to make the correct identications between the dimensionally reduced type{
IIB elds and the elds of N = 2; d = 9 supergravity as found in the previous
section. It is convenient to start by rewriting the theory using the \string-
frame" metric |^
^^
, but before we have to identify the type{IIB dilaton. This
is easier to do in the SL(2;R) version of the theory. Accordingly, we rst


































































This denition implies that '^ is the type{IIB dilaton and will be justied
below. We next consider the complex antisymmetric tensor B. To make





















Using this notation the eld-strengths of the
^
B gauge elds and their gauge





















































To explain why it is appropriate to identify the type{IIB dilaton with the
'^ scalar eld it is convenient to use the following trick. Although there is
no action in ten dimensions giving rise to the full type{IIB eld equations it



























































If we now perform all the above changes in this action we get the following





































































D) = 0, so it is consistent to use this action) gives the
usual type{I action. We see that, as in the type{IIA case, the type{IIB RR
elds do not appear multiplied by the string coupling constant (the dilaton).































































































































































































































































































































In the second equation of Eqs. (64) we can see that, although the RR elds
do not couple directly to the dilaton, they couple indirectly to it through the
metric.
This is going to be our starting point for the dimensional reduction to











contains no Chern-Simons term whileH
(i)
does. This means that in the type{
IIB reduction one of the vector elds present in the Chern-Simons part of
H
(i)
must be identied with the vector eld present in the parametrization




(see Eq. (30)). Note that the vector eld A
(2)
is present in H
(2)
but not in H
(1)
so we cannot use the same parametrization
5
. We see that





. Therefore B must occur in the parametrization of the
type{IIB zehnbein. At this point we realize that the NS-NS string part of






















This means that a \dual" parametrization of the zehnbein with A
(2)
re-
placed by B and k replaced by k
 1
leads to the same NS-NS part of the









































































The gauge eld B transforms as B = @ provided that we identify 
x
= .
Using the parametrization Eq. (67), it is a straightforward exercise to






















































Similarly, one may verify that type{IIB gauge eld
^
D reduces to the nine-
dimensional gauge eld C with the same gauge transformation properties
provided that we identify:
5

















































and the other elds and therefore we will
consistently ignore it from now on.
We conclude this section by giving all the relations between the ten-di-

















































































































































































4 Type{II S{ and T{duality
In this section we shall nd the type{II S{ and T{duality rules described in
the introduction. We start by exploring the non-compact symmetries of the
type{II supergravity theory in nine dimensions and then seek their analogues
in the \parent" theories in ten and (in the next section) eleven dimensions.
We start by considering the SL(2;R) S{duality symmetry. The SL(2;R)
symmetry of the type{IIB theory in d = 10 gives rise to an SL(2;R) sym-
metry of the N = 2 theory in d = 9. An O(2) subgroup of this is a manifest







while  = ` + ie
 '
is a complex coordinate on SL(2;R)=U(1) transforming
by fractional linear transformations. The origin of this SL(2;R) symmetry
from the type{IIA theory is more subtle. An SO(1; 1) subgroup which acts
by shifting the dilaton arises from the SO(1; 1) symmetry of the type{IIA
theory in d = 10 discussed in Section 1. An O(2) subgroup has a natural
interpretation as Lorentz transformations of the eleven dimensional super-
gravity in a background with two commuting isometries. We now discuss
this O(2) subgroup in more detail.
The eleven-dimensional theory is obviously invariant under the group
O(2) = SO(2)Z
2
of rotations and reections in the xy plane, inducing an
O(2) invariance of the nine-dimensional theory. The innitesimal form of the




























; B = 0 ;
(72)














; C = 0 ;
(73)
where  is an innitesimal constant parameter. On the other hand, the
discreteZ
2

















and the remaining elds are invariant. A particularly interesting O(2){
rotated version of this Z
2
{transformation is given by an interchange of the
coordinates x and y
6















































































We now consider the ten-dimensional reformulation of these symmetries.
The nine-dimensional O(2) invariance Eqs. (72,73,74) corresponds to non-
trivial dualities of both ten-dimensional type{II supergravity theories. As
an example of this kind of duality we write down the ten-dimensional type{
II transformations corresponding to the nite Z
2
{transformations given in
Eqs. (75,76). We will provisionally call this Z
2
transformation a type{II
\xy{duality". The explicit form of the type{IIA xy{duality rules is given by:
6
This transformation corresponds to a nite O(2) rotation with parameter  =  

2









































































































































































































































































Observe that the xy{dualities interchange (and mix) NS-NS elds with
RR ones, and can be used to generate solutions with non-trivial RR elds
from solutions of the NS-NS sector (which are also solutions of the het-
erotic string with no background gauge elds). In the type{IIB theory the








combined with other discrete symmetries of the theory.
In the case of the type{IIA theory, the xy{duality has its origin in the
O(2) symmetry of the eleven-dimensional theory restricted to backgrounds
with two commuting isometries.
The type{IIA theory, when restricted to backgrounds with one isometry,
has an SL(2;R) S{duality invariance which includes the xy{duality Eqs. (77).






=  1 in Eqs. (77) (for simplicity) then the
type{IIA xy{duality transformation relates the strong- and weak-coupling









Note also that Eqs. (77) and Eqs. (79) are related by a type{II T{duality
transformation as will be discussed below.
We now consider the construction of the type{II T{duality rules. It turns
out that the derivation of these rules is rather subtle since the type{II T{
transformations do not correspond to a non-compact symmetry of the nine-
dimensional theory. As mentioned in the introduction, this is related to the
fact that the type{II T duality maps one theory (the type{IIA superstring)
onto another theory (the type{IIB superstring). Consider rst the NS-NS












































This has an O(1; 1) = SO(1; 1)Z
2
duality symmetry. The nine-dimen-
sional Z
2



















This is the standard T{duality transformation [10]. (Note that k is the
modulus eld for the compactifying circle, so that its expectation value cor-
responds to the radius R.) The continuous SO(1; 1) symmetry scales k and
acts by
26
eld weight w eld weight w














` 1/2 C -1/2
Table 2: This table gives the weights w of the elds of d = 9 type{II super-
gravity under the global O(1; 1) symmetry.
~





















The SO(1; 1) transformations extend to a symmetry of the full d = 9
type{II action (49) under which each eld A scales with some weight w:
A! 
w
A. The weights of the elds are given in Table 2.
However, the Z
2
transformations (83) do not extend to any symmetry
of the d = 9 action. Thus the T{duality transformations relating type{
IIA backgrounds to type{IIB ones cannot be found from symmetries of the
7
It is not always the case that the a continuous transformation of a T{duality group is
a particular gauge transformation in a higher dimensional theory. The simplest counter-
example is provided by considering the coupling of the type{I string to one Abelian vector
multiplet. The T{duality symmetry in nine dimensions is extended fromO(1; 1) to O(2; 1).
SO(2; 1) has several discrete transformations that take us from the sheet of O(2; 1) which
is connected to the identity to other sheets. Each of them generates aZ
2
subgroup. One of
them is Buscher's T{duality. Each sheet of O(2; 1), and, in particular, the one connected
to the identity, is three-dimensional: one transformation is a special g.c.t. transformation
in d = 10, another corresponds to a special U (1) gauge transformation in d = 10 but
the third one yields a non-trivial solution-generating transformation in d = 10 [2]. The
eect of this transformation is to convert uncharged solutions into charged ones. For more
details about this case, see [29].
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d = 9 theory. Instead, we nd the type{II T{duality rules as follows. As we
have seen in the previous sections, the compactication of both the ten-di-
mensional type{IIA and type{IIB theories lead to the same nine-dimensional
supergravity theory. Therefore, the same nine-dimensional eld conguration
can be embedded in a ten-dimensional theory (or `decompactied') in two
dierent ways
8
yielding two dierent ten-dimensional eld congurations of
two dierent theories.
Using the two inequivalent embeddings given in Eqs. (30) and Eqs. (67)
one nds that the transformation rules for the type{II duality symmetry that


























































































































































Similarly, the type{II duality map from the type{IIA onto the type{IIB su-

















































































































































































The dual of the type{IIA metric g^
xx
is given by the inverse of the type{
IIB metric |^
xx
and vice versa. For a torus compactication this means that
the usual R ! 
0









is the torus radius characterizing the type{IIA decompactication and
R
IIB
is the torus radius characterizing the type{IIB decompactication, as
in Refs. [6, 7].
We observe that the type{II T{duality rules are a true generalization
of Buscher's duality rules [10] in the sense that if we set the type{IIA and
type{IIB Ramond{Ramond elds to zero and identify the remaining NS-NS
type{IIA and type{IIB elds with the type{I elds, the above rules reduce
to (83). Furthermore, note that the type{II duality rule is a a non-trivial
solution-generating transformation in the following sense: given a solution
of the type{IIA string equations of motion with one isometry, it generates a
solution of the type{IIB equations of motion and vice versa.
This type{II T{duality maps the symmetries of each individual ten-di-
mensional type{II theory into the other. This is specially useful when one
symmetry is manifest in one theory but not in the other. This is the case of
SL(2;R), which is manifest in the type{IIB theory (with or without isome-
tries) but it is not manifest by any means in the type{IIA theory (with one
isometry).The reader can check that the type{IIB S{duality rules Eqs. (79)
are mapped into the type{IIA S{duality rules Eqs. (77) by the type{II T{
duality rules Eqs. (86).
The analysis we have given for the bosonic sector can be straightfor-
wardly extended to the full supersymmetric theory with fermions, since the
non-compact symmetries of the bosonic sector are known to extend to sym-
metries of the full supergravity theory. Of particular interest are super-
symmetric solutions which admit Killing spinors, and we now address the
29
question of whether the image of a supersymmetric solution under duality
is again supersymmetric. For example, the xy{duality transformations are
simple coordinate transformations in eleven dimensions and, therefore, they
preserve eleven-dimensional unbroken supersymmetries. If the eleven-dimen-
sional Killing spinors corresponding to a given solution are independent of the
coordinates x and y, they will be invariant under this duality transformation.
Under these conditions, upon compactication of the coordinates x or y or a
combination of both, we will get ten-dimensional unbroken supersymmetries.
The Killing spinors will depend on which coordinate we have compactied
and the dierent choices will be related by xy{duality transformations in ten
dimensions. On the other hand, if the eleven-dimensional Killing spinors de-
pend on x or y we expect that supersymmetry will be broken by xy{duality,
as in the case studied in Ref. [25]. We have seen that the type{II T{duality
rules do not correspond to any symmetry at all in nine dimensions. Therefore,
all nine-dimensional properties will be preserved, in particular unbroken su-
persymmetries. Again everything depends on the preservation of the Killing
spinors in the compactication procedure. Ten{dimensional Killing spinors
with explicit dependence on the direction with respect to which we are going
to dualize will lead to broken supersymmetry while duality will commute
with the spacetime supersymmetry if the Killing spinors are independent of
the duality direction.
The type{IIA S{duality rules are based on the existence of two isometries
corresponding to the directions x and y. It is interesting to note that trans-
formations based on the existence of two isometries in the higher-dimensional
theory have been considered before, albeit in a slightly dierent context, in
the construction of the Kaluza-Klein or Gross-Perry-Sorkin (GPS) magnetic
monopole [30]
9
. In essence, in the GPS case one considers a ve-dimensional
conguration with two isometries and \compacties" alternatively the two
corresponding directions getting two four-dimensional congurations each of
them with a dierent isometry (the Euclidean Taub-NUT solution and the
GPS magnetic monopole).
In our language we could say that these two congurations are dual. There
are only a few non-essential dierences between the GPS case and our case:
9
We note that recently a six-brane solution of eleven-dimensional supergravity has been
constructed which is an exact analogue in eleven dimensions of the GPS monopole in ve
dimensions [12].
30
1. The original higher dimensional theory.
2. The fact that in the GPS case one of the isometry directions is time-like
and the other one is space-like while in our case both isometry direc-
tions are space-like. The compactication of a time-like direction leads
to a four-dimensional Euclidean Kaluza-Klein theory with a vector eld
and a scalar. In order to avoid the occurrence of the vector eld one has
to impose more restrictive conditions on the higher-dimensional con-
gurations: they must be not just time-independent (stationary) but
static
10
. The presence of the unwanted scalar can be avoided by choos-





5 Duality In Eleven Dimensions
The eleven-dimensional supergravity theory has no duality symmetries of
its equations of motion for general backgrounds. For backgrounds with one
isometry, there should be an SO(1; 1) symmetry of the equations of motion
corresponding to the S{duality of the type{IIA theory; this is essentially
a particular eleven-dimensional dieomorphism. For backgrounds with two
isometries, there should be an SO(1; 1)SL(2;R) symmetry of the equations
of motion corresponding to the duality symmetries of the d = 9 theory.
We have already identied an O(2) subgroup of SL(2;R) as rotations and
reections in the xy plane. It is clear that there cannot be an analogue of
theZ
2
T{duality symmetry here as the type{IIB supergravity theory cannot
be obtained from any eleven dimensional theory. However, if we restrict
ourselves to the subset of solutions of N = 1; d = 11 supergravity which have
two commuting isometries in the directions parametrized by the coordinates
y = x
10
and x = x
9









= 0 : (88)
then the conguration of N = 1; d = 11 gives a solution of N = 1; d = 10
supergravity with one isometry upon dimensional reduction, and this has aZ
2
10
The time-like Killing vector is then \hypersurface-orthogonal" which in practice means
that all the elements g
(5)
0i
of the ve-dimensional metric can be made to vanish in an
appropriate coordinate system
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Buscher duality symmetry. The algebraic constraints are then the truncation
from type{IIA supergravity to N = 1; d = 10 supergravity Eq. (25) written




















































































































































































= 0 means that the Killing vector @=@y is hypersurface{
orthogonal, i.e. orthogonal to the hypersurfaces of constant value of y. The
eleven-dimensional manifold M
11
is the product of a ten-dimensional mani-







It is interesting to see what the membrane analogue is of the usual R!
1=R duality
11





(nine-dimensional Minkowski space times a two-torus) and assume
that the radius of the two-torus in the x
9











and similarly that the radius in the x
10
















































It is well known that in case of the string duality the one-torus with the
self-dual radius R = 1 is special in the sense that symmetry-enhancement
11
For simplicity, we assume from now on that all radii and elds have been redened to
be dimensionless, as in [1].
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occurs. We nd that in the case of the membrane there is a whole one-











It would be interesting to see in which sense this family of two tori plays a
special role in membrane dynamics.
6 Examples
As an illustration of our results we shall now apply the duality transfor-
mations constructed in previous sections to generate new solutions of the
type{IIA, type{IIB and eleven-dimensional supergravity theories. Our start-
ing point will be the \Supersymmetric String Waves" (SSW ) of Ref. [15]
which are solutions of the heterotic string and also of the type{II equations
of motion. Under type{I T{duality they are dual to the \Generalized Fun-
damental Strings" (GFS) solutions of Refs. [16, 17].
Both the SSW and GFS solutions can be embedded into the type{I,
type{IIA and type{IIB theories. We will denote the embedded solutions
by SSW;SSW (A) and SSW (B) respectively and similarly for the GFS.
We start with SSW (A) and GFS(A) and we rst perform a discrete xy{
duality transformation using Eqs. (77). The xy{duality generates new solu-





), respectively. Next, we perform a type{II T{duality transformation
to the type{IIB theory according to Eqs. (87). This leads to new solutions of
the type{IIB theory where SSW solutions are converted into GFS solutions
and vice{versa. We denote these new solutions by GFS(B
0
) and SSW (B
0
),
respectively. Finally, we perform a further xy{duality transformation us-
ing Eqs. (79) getting GFS(B) and SSW (B). The reader may check that
the GFS(B) and SSW (B) solutions are related by the type{II T{duality
Eqs. (86) to the original SSW (A) and GFS(A) solutions we started from, as
they should. Below we give the explicit form of the new solutions obtained
in this manner.
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6.1 Duality rotation of SSW







































 = 0 :
(92)





















= 0 ; (93)
where the Laplacian is taken over the eight transverse directions only.












































































































































































with all other elds vanishing.





















































This solution is just the original GFS solution but embedded into the
type{IIB theory. Therefore, a further type{II T{duality transformation will
take us back to the original SSW embedded into the type{IIA theory, i.e. the
SSW (A) solution we started from.
6.2 Duality rotation of the GFS
We next consider the dierent duality rotations of the GFS solution. We
start from the embedding into the type{IIA theory, i.e. the GFS(A) solution.





































































































































































































 = 0 :
(99)








































which is exactly what one should have expected: the original SSW solutions
embedded into the type{IIB theory.
Note that the above examples do not exhaust the possible new solutions
that can be built out of the GFS and the SSW . It would be of interest
to apply the type{II S{ and T{dualities to the various p{brane solutions
of ten-dimensional supergravity and to investigate which solutions are re-




We nally consider the lifting of the SSW and GFS solutions to solutions
of the eleven-dimensional theory. These liftings lead to solutions of eleven-
dimensional supergravity which correspond to a supersymmetric string wave
solution and a generalized fundamental membrane
12











































































































^ du ^ dy :
(102)
We note that the SSW
11
solution is a generalization of the pp-wave so-




solution generalizes the fundamental membrane solution of [19]. One may
verify that the SSW
11
given in Eqs. (101) is related to the GFM
11
solu-
tion given in Eqs. (102) by the eleven-dimensional type{I T{duality rules
Eqs. (89). Finally, it would be of interest to apply the d = 11 type{I T{
duality to other eleven-dimensional solutions such as the p{brane solutions
of [32].
12
The re{interpretation of the ten-dimensional string solution as an eleven-dimensional
(extreme) membrane solution was discussed in [31]. The duality transformations given
in this paper only concern the source{free eld equations. We will not discuss here the
possible source terms and their duality transformations.
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A Conventions
We use double hats for eleven-dimensional objects, single hats for ten-dimen-
sional objects and no hats for nine-dimensional objects. Greek or underlined
indices are world indices, and latin or non-underlined indices are Lorentz
indices. We use the indices
^
^ = (^; y) = (; x; y), with y = x
10
and x = x
9
.






































































Although we don't use dierential forms, sometimes we use the following
convention: when indices are not shown explicitly, we assume that all of
them are world indices and all of them are completely antisymmetrized in
































B Eleven{ And Nine{dimensional Fields
Here we present the expression of the eleven-dimensional elds in terms of
























































































































































































































































































































































The expression of g

in terms of the eleven-dimensional elds is not very
enlightening and, in any, case, it can be readily obtained from the above
formulae.
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